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LETTER TO THE EDITOR 

A new evaluation of the energy of Wigner BCC and FCC 
crystals 

V V Kukhtin and 0 V Shramko 
Institute of Theoretical Physics, 752130 Kiev, Ukraine 

Received 28 October2991 

Abstract. New expressions for energies per site for two Wiper crystals are given through 
Euler-type constants. Numerical values specify those known previously. 

Energies per site for Wigner cubic crystals [l]  (simple, body-centred and face-centred 
lattices) were found in [2 ,3] .  Recently it was shown 141, by using an analytical 
continuation procedure for the functions concemed, that the commonly used numeri- 
cal values of energies for the BCC and FCC lattices would be changed. In [4] the model 
with point charges surrounded by an equal amount of opposite charge distributed over 
a unit cube was accepted. Satisfying the requirement of charge neutrality, the above 
model obviously breaks homogeneity of the charge distribution for FCC and BCC 
crystals. Thereby we recalculate these energies in the jellium model [l, 51 strictly 
taking into account both homogeneity and neutrality. Our values of energies c o n k  
those of the paper [4] and are more precise. 

First, we consider the BCC lattice. We shall find the energy site per site for a finite- 
size cube of length 2N for each edge and then take the limit N+ m. In units ez/a (a is 
the lattice parameter) the interaction energy of the central site (coordinates (0, 0,O)) 
with all other lattice sites is as follows: 

N 

In the framework of the jellium model, we build around any site of the lattice the 
Voronoi polyhedron with volume a3/2. Correspondingly, the density p of a distributed 
charge is equal to Ma'.  Now we may define the interaction energy of the central site 
with a compensating charge background as 
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Expression (2) contains a contribution from the surface neutralizing layer which is 
asymptotically exact to within IIN. With (1) and (2) we have for the interaction energy 
E per site 

= -3.377 434 064 464 . . . (3) 

where yl is the Euler constant (yl = 0.577 215 664901 5. . .) and yz,3, d3 are analogous 
constants appearing in asymptotic expressions for sums of the divergent series in (1) 
(see the appendix). 

As regards the FCC case, using the same approach as above makes it possible to 
obtain ~~ 

where Euler-type constants & and v3 are given in the appendix. 
Taking another normalization [2-41, instead of (3) and (4) we obtain 

U3 a 
1.662 955 690 79 . 7, - e2EBCC=(&) E B C C 2 = -  

The values (5) and (6) specify the previous results [4] (-1.66296. 
-1.587 13. . . , correspondingly). 
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Here we give asymptotic expansions of sums of the divergent series from (1) and (4) 
which areobtained by the Euler-MacLaurin method [6]. 

,=2Nln( l+f i ) - InN-y2+0 
1 N 

y2 = 0.670 908 307 883 6 . . . 

*= 3( (N2 + N) [ In r2) -51 - Nln(1 + fi) + 4 In N 
1 

m. n. I=1 

4% + 0 (i) y3 = 0.581 748 045 317 . . . 

+ 6, + 0 (i) &= -0.034 792 149 303 7 . . . 

p2= -0.403 885 656 141 17 .~. . 

- N h ( l + f i ) + V 3 + O  v3=0.129 127726556 69. . . . 
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